
TWO INTEGRAL INEQUALITIES 

BY 
J. R. BLUM AND M. REICHAW 

Dedicated to the memory of E. Jabotinsky 

A B S T R A C T  

Let (X, S , / 0  and (Y, T, v) be two measure spaces, K(g) = ~yk(x ,y)g(y)dv(y)  
~+ = max (~, 0), and t3(K) = sup . . . . . .  x f y ( k ( x l ,  y)  -- k(x2, y))÷ dv(y). Two 
integral inequalities (the first of which has a simple geometrical interpretation) 
involving 6(K) are proved. Generalizations of theorems about infinite stochas- 
tic matrices and convergence of superpositions of sequences of integral 
operators are obtained. 

1. Let (X,S,#) and (Y, T,v) be two measure spaces with totally o'-finite meas- 

ures and let (X x Y, S x T, 2) be their product. 

Let K be an operator given by 

K(g) = f k(x,y)g(y)dv(y), 
dr 

where the kernel k(x, y) is a real valued function on X x Y and g = g(y) is a real 

function on Y such that K(g) exists. 

Denote for a real number 

~+ = max(C,0) and ~- = m a x ( - ~ , 0 ) .  

Assuming the existence of  the following integral, define 

6(K) = sup l ( k ( x l , y ) -  k(x2,y))+dv(y). (*) 
Xl  ,X2 ~ X J y  

In this paper the following two inequalities (1) and (2) are proved and some 

of  their applications are given. The obtained results are related to some results 

in [5] and [6]. They also generalize and strengthen some results obtained in 

[1], [2], [3] and [4]. 
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FIRST INEQUALITY. 

INTEGRAL INEQUALITIES 

Let k(x, y) > O, E = Y be a subset of Y and let 

= fj(x)d.(x) 
Then 

(1) f dv(,)f. k(x, y)dv(y) . 
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SECOND INEQUALITY. Let X = Y, p = v and let k (x ,y )  > O. Let q~(z,y) 

= fx l (z ,  x)k(x,  y)d#(x) and (LK)(g)  = dp(g) = fxgp(z,y)g(y)dp(y).  Denote 

e(zl,  z2) = .[x(l(zl, x) - l(z2,x))d#(x ) and ~ = supzl,z2 ~x c~(zi, z2). Then 

(2) fi(qS) = fi(LK) < b(L)6(K) + ~ inf f k(x,y)dp(y) .  
x ~ X d X  

REMARK 1. Let us note that if  X = Y = N is the set of  natural numbers 

with measure p = v given by: 

p(E) = v(E) = the number of  elements of  E ~ N and if k = {kij } = {k(i,j)} 

is a stochastic matrix (i.e. k,j > 0 and ~j  k~j = 1 for all i ~ N), then 

(**) ~ ( K ) =  sup  Z ( k . j - k ~ , j )  + . 
i t , i2eN j 

This last function is an estimate of  the stability of  {k~j}, see [4, p. 778]. It  was 

used in [4] to obtain ergodic theorems for non-homogeneous Markov chains 

with possible perturbations and a denumerable number of  states. The function 

(*) is a generalization of  (**). It  enables us to strengthen and to generalize many 

theorems in the theory of  stochastic matrices (in general infinite) in which (**) 

has been used. In the sequel f f k ( x , y ) d 2 ( x , y )  is denoted by 

ffk(x,y)d~(x)dv(y). 
2. Before proving inequalities (1) and (2) we give a formula for 6(K) ex- 

pressing 6(K) in a particular (but important) case in some different way. Although 

this result will not be necessary in the sequel, it seems to be of  some interest 

because it generalizes some known results and it is quite trivial. 

A second expression for  6(K) in case C = f r  k(x ,y)dv(y)  = const. Suppose 

that f r k ( x l , y ) d v ( y ) =  f r k ( x 2 , y ) d v ( y ) =  C for  all x l , x  2 ~X .  Then 

(3) 6 ( K ) = C -  inf l min ( k(xl ,  y), k(x2,y) )dv(y) . 
Xl~X2 E X  3r  
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PROOF. By our assumption one has fr(k(xl,y)-k(x2,y))+dv(y)= 
= fr(k(xl, y) - k(x2,y))-dv(y) and 2 fr (k(xl,Y) - k(x2,y))+dv(Y) = 
= fy[k(Xl,y)- k(x2,y)ldv(y). By 14 - ~1/2 = (4 + r/)/2-min(¢,t/) it follows 

that 

 y(k(xl,y)_ k(x2,y))+dv(y) = fr I k(xl 'y)-  k(x2'y)l 2 dr(y) = 

f k(x~,y)+ k(xz,y ) dv(y) f min(k(xt,y),k(x2,Y))dv(y ) 2 y 

= C - f  rain (k(x~,y),k(x2,y))dv(y). 
j l  

Hence (3) holds. 

REMARK 2. In the case of  a finite or infinite stochastic matrix k = {k(i,j)} one 

has (see Remark 1) C = 1 and 

f min(k(il,j),k(i2,j)dv(j) = (ki~j, lci2j). ;c rain 
Y j = l  

In this case formula (3) reduces to 6(k) = 1 - 7(k) where 

r(k) = inf ~ min(ki,j,ki2j). 
i t i 2  j 

The result 1 - ~ ( k )  =< ~(k) was recently stated in [3]. The connection between 

~(k) and ~(k) for stochastic matrices was investigated in I-1] and [2]. The result 

1 - 2~,(k) ~ ~(k) <= 1 - ~,(k) was proved in formula (1) of [4~, p. 778. 

PROOF OF THE FIRST INEQUALITY. By k(x,y) >= 0 and a = fxf+(x)dl~(x)+ 
- fxf-(x)dl~(X) and by Fubini's theorem one has 

fEdv(y)f f(x)k(x,y)d (x) =  xd (x) +(x)k(x,y)dv(y) + 

-- (fx (f+(x)dl~(X)-CO) )nf fek(x'y)dv(y) = 

=(f/+(x)dlt(x)) [sup f k(x,y)dv(y)-inf fek(x,y)dv(y)] + 

+ e inf I k(x,y)dv(y). 
x e X ,) l~ 
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It remains to note that 

sup f k(x,y)dv(y)- inf F k(x,y)dv(y)= 
x ~ X  E x ~ X J E  

= sup t (k (x l ,y )  - k(x2,y))dv(y) <- 
x~x2 e X J E  

_-< sup I (k(x~,y)- k(x2,y))+dv(y) = 6(K). 
x lx2  e X d x  

Thus (1) is proved. 

23 

We state the following two consequences (4) and (5) of  inequality (1): 

Ifc~ = If(x)dp(x) = 0 or i f  inf  F k(x,y)dv(y) = 0 then Jx x ~ X  J E (4) 
f dv(y) .Ixlf(x)k(x'y)d#(x)< 6(K)tJ x f+(x)d#(x), 

<= l 

PROOF. (4) follows trivially from (1). To prove (5) we note that in case cz = 0 

one has :x If(x) ld#(x) = 2 Thus denoting E 1 = { y ;  y ~ Y and 

:xf(x)k(x,y)dp(x) > 0} and E 2 = {y;yEY and fxf(x)k(x,y)dp(x) <= 0} and 

substituting in (4) first E = E 1 and then E = E 2 and then adding both sides 

of  the obtained inequalities one gets 

Let us note that Lemma 8 in [3] is a trivial consequence of  (5). Let us also note 

that inequality (1) has a simple geometrical meaning in case f(x) = 1 (or more 

general f(x) > 0 interpretated as a mass density). Indeed if X = Y is the real 

line then ffk(x,y)d~(x)dv(y) is the volume (the mass) bounded i.a. by the 

surface z = k(x,y), and l,t(X).infx~xfk(x,y)dv(y) is the volume (the mass) 

obtained by multiplying the "minimal a rea"  of  an x-section infx ~x fk(x,y)dv(y) 
by/~(X). By (1) their difference is _-< 6(K)I~(X). 

PROOF OF THE SECOND INEQUALITY. Fix zl and z2 and let f(x) = l(zl,x) 
- l(z2, x). Then by ( i)  used for E = X one has: 
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fxd#(Y)fx(l(zl'x)-l(zz'x))k(x'y)dfl(x)<6(K)fx(l(zl'x)-l(z2'x))+dp(x)+ 

+ ~ inf I k(x,y)d#(y.) 
x ~ X J X  

Hence by k(x, y) > 0 it follows that 

f x(~O(zl,y)-- ~)(zz,y))+d#(y) = f dp(y) ( 3x jx  

Thus 

. 

(l(z 1, x ) -  l(z2,x)) + k(x, y)d#(x) <- 

< 6(K)6(L) + ~x~xinf fxk(X, y)dp(y). 

6(49) = 6(LK) = sup I (4)(zt'Y)- ~(z2'Y))+dp(Y) 
z~z 2 EX,J X 

<= 6(K)a(L) + ~,,~xinf fx  k(x,y)d#(y). 

In this section an application of inequalities (1) and (2) to a proof of two 

theorems on the convergence of a sequence of superpositions of some integral 

operators is given. The results obtained are related to those proved in [4] and 

in [5]. The idea of the proof may be easily applied to generalize theorem 1 in [4] 

p. 780 (after a proper generalization of definitions 1 and 2 in [4]) and many other 

theorems in the theory of stochastic matrices in which the function (**) is used. 

We assume in the sequel that X = Y, p = v and consider a family F of integral 

operators K of the form K(g) = fxk(x,y)g(y)dp(y). Given two operators Kt 

and K2 with corresponding kernels kl(x,y ) and kz(X,y ) we denote by klz 
= fxk1(x,z)k2(z,y)d#(z) the kernel corresponding to their product KIK z. 
Similarly, given integral operators Kh,.- . ,Ki.  with kernels ki~(x,y),...,k,.(x,y ) 
we denote the kernel corresponding to their product K,  KI2...Ks. by ks, ... ~.(x, y). 

For an a:bitrary function r(x, y) and an operator R given by 

R(g) = f r(x,y)g(y)dp(y) 
.1 x 

we denote 

(6) HRI[ = x~xSUp flr(x,y)[@(y). 
We prove now the following 
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THEOREM 1. Let {Kn},=a, z "'" be a sequence of integral operators with corre- 

sponding kernels k,(x,y) >= 0 n = 1,2,... such that 

(7) ~J(K,K,_I...K1)-+O for n ~  oe 

and such that for n > n o the kernel Gm(x,y)of the operator Kn+,,Kn+m_l... 

"" K,+ I - I  where I is the identity operator, satisfies fxr ,  m(X,y)dp(y) = O. 

Suppose also that there exists a constant M such that for n > no and every 

m one has 

(8) II K,+~K~+, , ,_ ,  ... g , +  ~ I[ <= M.  

The,, IIK.+.K,+m_,...K.+~K....Kx-K.K._,...K~[I-~O for n - + ~  (and m 
arbitrary). 

PROOF. Denote rnm(X,Z ) by r(x,z), Kn.. .K1 by K and kn+ 1 ...... I (z ,y)  by 

k(z, y). Then k(z, y) >= 0 and we have 

Ir K,+o. . .  K°K,+I.. .  K, - K,.--K~ II - -  

= II ~°+m. . .  ~ , + i  - x)~:°... ~ ,  II = 

N o w  

L(x) = 

where 

and 

f ' r  fxr(X'z)k(z 'y)dp(z) l d#(y) = 

= f ~ , ( x ) d p ( y ) f r ( x , z ) k ( z , y ) d # ( z ) - I  d~(y) Ir(x ,z)k(z ,Y)d#(z)  
X d E2(x) , J X  " 

E~(x) = {y; j'xr(x,z)k(z,y)d#(z) >= 0}, 

E2(x ) = {y; f xr(X,z)k(z,y)d#(z) < 0}. 

By (1) and by fx  r(x, z)d#(z) = 0 it follows that 

d X  . I X  

Thus SUpxoxL(x)~_ ~(K)IlRII where e = ~ , ,+ , . . . .K .+ I -~ .  ~t roUows by(V) 

and (8) that SUpx~xL(x)<= 6(K, . . .KO ( M +  1)-+0 for n-+o~. Theorem 1 

is proved. 
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THEOREM 2. 

(7') 

J. E. BLUM AND M. REICHAW 

I f  assumption (7) in Theorem 1 is replaced by 

I-[fi(Ki) --* 0 for n ~ oo 
i=1 

Israel J. Math., 

and i f  C, = f x  k,(xl,  y)dp(y)  = f x  k,(x2, y)dp(y)  for  each Xx, x2 ~ X ,  n = 1, 2,... 
and all other assumptions of Theorem 1 are satisfied then 

]lK,+m . K . + I K ,  . ~ , - K , K , - ,  K ,  II-~0 for n - - o o .  

PROOF. As in the p roof  of  Theorem 1 one obtains 

sup L(x) < 6(K, . . .  K 1 ) ( M  + 1) and it remains to apply (2) and (7'). 
x~X 

REMARK 3. Theorems 1 and 2 show that  under certain assumptions the 

sequence {K,K,_ l ' . .K1} ,=l ,2 . . .  is a Cauchy sequence (with the norm defined 
in (6)). I t  follows that i f  the functions g = g(y) on X form a Banach space Z and 

if  the linear mappings K , : Z - ~  Z are continuous mappings of  Z into itself, then 

there exists a continuous and linear operator K :Z  ~ Z such that  

111. ~ : , - 1 1 1 - ~ 0  for n , o o .  

REMARK 4. I t  is trivially seen that  Theorems 1 and 2 can be generalized to 

operators K with kernels k(x,  y) where x and y are vector variables. 
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